Abstract. We investigate the inhomogeneous inflation, in which the space exponentially expands with inhomogeneities, and its cosmological perturbations. The inhomogeneous inflation is realized by introducing scalar fields with spacelike gradients that break the spatial symmetry. We find that the space can expand uniformly in different direction with the same rate. By using the perturbative method, we calculate the corrections to the power spectra of gravitational waves and curvature perturbation up to the linear order in the background inhomogeneities. Since the background is inhomogeneous, perturbations modes with different wave numbers get correlated. We show that generally the power spectra of perturbations depend on the ratio and the angle of wave numbers of the two correlated modes. In particular, the two circular polarization modes of the gravitational waves gain different powers when the background inhomogeneity is of vector or tensor type.
Introduction
The accelerating expansion of our universe in its primordial epoch is one of the mysteries in modern cosmology [1] . There are two questions which are related to each other. One is the question of initial conditions for inflation. Precisely, if inflation -although itself will rapidly inflate away any classical inhomogeneities, would occur with spatially inhomogeneous initial conditions. Although such problems have not yet been completely settled down, there have been some researches recently which shown that inflation is rather robust to the inhomogeneous initial conditions [2] [3] [4] [5] [6] (see [7] for a short review of initial conditions for inflation).
We would not address ourselves to the question of robustness of inflation to inhomogeneous initial conditions. Insteadly, this work is devoted to answering the other question: whether the universe would have inflated with an inhomogeneous spatial sector. The aim of this paper is thus two-fold. On the one hand, we have to examine whether the exponential expansion of the spatial sector with an inhomogeneous geometry is indeed one of the solutions to the equations of motion. One may view the standard inflation scenario with homogeneous spatial sector as the homogeneous inflation, and thus dubt such an exponential expansion of the inhomogeneous spatial sector as the inhomogeneous inflation. On the other hand, we would like to investigate whether such an inhomogeneous inflation has impacts on the observables, i.e., the power spectra of the primordial perturbations.
Comparing with the standard homogeneous inflation, such an inhomogeneous inflation scenario receives much less attention. First it is difficult to realize such an inhomogeneous inflationary background with a single matter content, e.g., in the single scalar-field inflation models. Moreover, one may expect naively that any matter content that could cause the spatial inhomogeneities would also affect the expansion rates in different spatial directions, giving rise to the increase of spatial anisotropy. If this is the case, such inhomogeneous inflation scenarios are definitely ruled out by the current astrophysical observations. Nevertheless, a solution with uniform expansion of the inhomogeneous spatial sector was found in [8] , in which the spatial isotropy -in the sense that different spatial directions expand with the same rate, is preserved. Other than the usual inflaton field with spatially homogeneous background value, the key ingredents in [8] are scalar-fields with spatially inhomogeneous but time-independent background values, which are responsible to the inhomogeneous but uniformly expanding space geometry.
The idea of having matter fields with time-independent but space-dependent background configurations was firstly introduced in the "elastic inflation" [9] and further systematically developed in "solid inflation" [10] , where the scalar fields are Goldstone bosons associated with breaking of spatial diffeomorphism. Similar to the usual effective field theory of inflation [11] [12] [13] , where the adiabatic mode of matter perturbations is associated with the breaking of time diffeomorphism, the effective field theory of spacetime symmetry breaking was also developed [14] [15] [16] [17] [18] [19] [20] .
Perturbations respect the symmetry of the background they live. As a result, one may expect that power spectra of perturbations on the spatially inhomogeneous background would no longer take the standard form, i.e., ∼ δ 3 (k+k )P (k). This is also the case of perturbations in the anisotrpic inflation models (see e.g. [21] for a review), where correlation functions of perturbations show statistically anisotropic features [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . Cosmological perturbations in solid inflation and its variations have also been widely studied [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] . In our model, the number of spacelike scalar fields is not fixed to three, which is required in the solid inflation. In particular, our model generalizes the solid inflation in the sense that we do not require a homogeneous spatial geometry, and thus will have much more fuitful observational features. This paper is organized as following. In Sec.2 we set up our general formalism, and make the ansatz for the inhomogeneous background configurations. Then we develope linear perturbation theory around this inhomogeneous inflation background. In Sec.3 we calculate the corrections to the power spectra of gravitational waves, by asssuming the background inhomogeneity is small. In Sec.4 we calculate the corrections to the power spectrum of scalar (curvature) perturbation. Sec.5 concludes.
We set M pl ≡ (8πG N ) −1 = 1.
The formalism
Let us consider the following action
where f IJ is the metric in field space of φ I with I, J = 1, · · · , N . In terms of ADM variables, the physical metric is written as 2) where N i = g ij N j and τ is the comoving time. We define the background to be
where a = a(τ ) is the usual scale factor,h ij =h ij ( x) is the "background" spatial metric which we assume to time-independent. The metric (2.3) describes an expanding universe with inhomogeneous spatial sector. The ADM variables {N, N i , g ij } are parametrized by 6) where A, B i and H ij denote the deviation from the background metric (2.3). Similarly, the scalar fields are also splitted into the background parts and perturbations as
Similar to the usual inflaton field, the background value of Φ is time-dependent and spatially homogeneous. On the other hand, the background values of φ I are time-independent and spatially inhomogeneous, which is the key ansatz in this work. For later convenience, we may further split B i and H ij into irreducible parts
9) 10) whereD i is the covariant derivative adapted toh ij andD iB
Here and in what follows, spatial indices are raised and lowered byh ij and its inverseh ij .
The inhomogeneous background
Let us verify that the above background configurations (2.3), (2.7) and (2.8) are indeed solutions of our model. The background equations of motion are determined by requiring the vanishing of the first order Lagrangian for perturbations, which reads
withh ≡ deth ij and
13)
14)
where H ≡ a /a is the comoving Hubble parameter and we defined
for short, a " " denotes derivative with repect to τ ,R andḠ ij are Ricci scalar and Einstein tensor of the background spatial metrich ij ,Γ I KL is the Christoffel symbol off IJ . It is interesting that all the equations above are naturally separately into the temporal parts and spatial parts thanks to the fact thath ij is time-independent. For example, E (A) = 0 implies the following two independent equations
where K must be some numerical constant (of dimension [M ] 2 ). We are free to choose K = 0, ±1 due to the scaling symmetry. For the uniform expansion of the scale factor a(τ ), a nonvanishing K plays the role of a cosmological constant. Similarly, the trace part of E H ij can be written as
which can be substituted into (2.18) to yield
As usual, combining the temporal parts of (2.17) and (2.18) yields
For later convenience, we define 21) and thus (2.20) can be recast into
Note it is possible to have a spatially flat background solution (i.e. FRW) with novanishingφ I =φ I ( x). In this case, (2.19) impliesf ij ∝h ij . This can be achieved (e.g.) in "solid inflation" [10] , where three scalar fields are introduced withφ I = x i δ I i and f IJ = δ IJ and thusf ij =h ij = δ ij . In this work, however, we are interested in the spatially inhomogeneous backgrounds. Another difference of our model from solid inflation is that we also introduce an additional scalar field withΦ =Φ(τ ), which explicitly breaks time diffeomorphism.
Perturbation theory
Now let us study the linear perturbations A, B, ζ, E,B i , F i and γ ij around the above inhomogenerous background. In order the simplify the calculations, we work in the gauge with E = F i = δΦ = 0, which completely fixes the gauge freedom (see Appendix A for a discussion).
By expanding the action (2.1) around the inhomogeneous background up to the second order in perturbations and solving the non-physical variables, we get the quadratic order action for the perturbations ζ, γ ij and δφ I :
where the detailed form for L 2 can be found in (B.11)-(B.14). Generally, one needs to solve perturbations on the inhomogeneous background through (2.23), which is hard to deal with.
On the other hand, we do not expect the observed universe siginificantly deviates from a FRW one on the large scales. What is interesting to us is the leading order corrections to the power spectra of ζ and γ ij due to the background inhomogeneities. We thus assume the background inhomogeities are small and treat the deviation of the background from a homogeneous one as "perturbation" as well. Supposing the deviation of the inhomogeneous background spatial metric from the flat one is parametrized bȳ
where X ij is time-independent according to our ansatz. In (2.24) we introduce a formal parameter κ to charactrize the level of background inhomogeneity. The perturbative orders of various quantities areR
In this work, we will calculate the corrections to the power spectra of ζ and γ ij up to the linear order in κ.
We will focus on the effects due to the background inhomogeneities and thus make two assumptions in order to simplify the calculations. First we assume the metric of the field space to be flat, i.e., f IJ = δ IJ . In particular, we havef ij = δ IJ ∂ iφ I ∂ jφ J . Second we set the constant K = 0 in (2.17), which also implies˜ = .
Schematically, the quadratic Lagrangian in (2.23) can be written as 26) where ϕ a = ζ, γ ij , δφ I , andÔ ab stands for functions or operators depending on the background quantities, of which the expressions can be read from (B.11)-(B.14). We also schematically expandÔ ab around its homogeneous part aŝ
Following this stratagy, the quadratic order action S 2 in (2.23) can be expanded as 30) and
In the above, various contributions are:
2,0 and S
are the homogeneous parts of the quadratic order action, which are the same as those in perturbation theory with a FRW background. Precisely, we have 36) where and in what follows, ∂ 2 ≡ δ ij ∂ i ∂ j and repeated lower spatial indices are summed by δ ij .
• S
2,1 and S
can be viewed as "two-point self-couplings" of ζ, γ ij and δφ I , which arise due to the background inhomogeneities. Their couplings are of order κ. For our purpose to calculate the leading order corrections to the power spectra of ζ and γ ij , only S 
and S
are "two-point cross-interactions" between ζ, γ ij and δφ, which are given by
Due to the inhomogeneous nature of the background geometry, there arises the mixing between the scalar modes δφ I and the tensor modes γ ij .
In the following, we treat L
and
as "two-point interactions" and employ the in-in formalism to calculate the leading order corrections to the power spectra of ζ and γ ij .
Up to the linear order in κ, the conjugate momentum for γ ij is given by
where we used
. Similarly, the conjugate momentua for ζ and δφ I are given by
respectively. In order to calculate the Hamiltonian, we need to solve the "velocities" γ ij , ζ and δ I in terms of their conjugate momenta by reverting (2.42), (2.43) and (2.44) . To this end, we write
where subscript " (i) " denotes the order in κ. Plugging (2.45) into (2.42), up to the linear order in κ we get
Similarly,
We can straightly find the corresponding Hamiltonian in the interaction picture as
where L 2 is given in (2.23). Using the above results, up to the linear order in κ, the Hamiltonian is given by (in momentum space)
where we have split the Hamiltonian into a "free" part H 0 and a "two-point interaction" part H 1 . The free Hamiltonian H 0 is given by
which are exactly the same as in the case of homogeneous inflation with multiple scalar fields. For our purpose to calculate the corrections to the power spectra of γ ij and ζ, the relevant contributions to the "two-point interaction" Hamiltonian H 1 are
where the first two terms are the self-couplings of γ ij and ζ, and the last two terms are the cross-couplings of γ ij and ζ with the scalar field perturbations δφ I due to the background inhomogeneities. Straightforward calculations show that
In order to canonicallly quantize the system, for the tensor perturbations, we writê
where an asterisk denotes complex conjugate,â s (k) andâ † s (k) are the annihilation and creation operators for tensor perturbations with the commutation relation
ij (k) is the polarization tensor with the helicity states s = ±2, satisfying
By choosing the normalizatin condition
2γ ij is canonically normalized, of which the mode function u(τ, k) is given by
where we have used the de Sitter approximation a (τ ) = −1/(Hτ ).
The canonical quantization of ζ and δφ I is completely parallel. We writê
are the annihilation and creation operators forζ and δφ I , satisfying
Before going into the concrete calculations, note terms in H 1 take the following general structure in momentum space
where dk 123 is a shorthand for
and D's in (2.69)-(2.72) are approximately time-independent, which we assume to be fully symmetrized. That is, all C's and D's are symmetric with respect to k 1 ↔ k 2 , and C ij,kl and D ij,kl are symmetric under exchanging of indices
as well. In our model, the C's and D's factors can be read from (2.56)-(2.59) after going into the momentum space. Precisely,
In this work, we focus on background configurations in which C's and D are real functions. According to the above, X ij (k) andφ I (k) must satisfy
Gravitational waves
In this section, we calculate the correction to the power spectra of tensor perturbations due to the background inhomogeneities. Using (2.60), the "free" two-point function for the tensor perturbations is
where the mode function u(τ, k) is given in (2.64) and we denote
for short. It is easy to verify that Π ij,kl (k) is real, i.e., Π * ij,kl (k) = Π ij,kl (k), which has the following properties:
3)
The standard isotropic and homogeneous power spectrum for the tensor modes γ ij is defined by ∆
Accordingly, the total power spectrum is thus
According to the standard in-in formalism, up to the linear order in κ, the power spectrum of γ ij is
where ∆ (0) ij,kl (k, k ) is the standard isotropic and homogeneous power spectrum given in (3.4), ∆
(1) ij,kl (k, k ) and ∆ (2) ij,kl (k, k ) are corrections due to the background inhomogeneitieis, which are given by
where H (γγ) 1
and H (γδφ) 1 are given in (2.69) and (2.72), respectively. These two types of corrections are illustrated in the Feynman-type diagrams in Fig.1 . In particular, + +~⊃ Figure 1 . Illustration of contributions to the power spectra of the tensor perturbations γ ij up to the linear order in κ. The total power spectra consist of three contributions: the standard isotropic and homogeneous spectra (left), corrections due to the inhomogeneous background metrich ij (middle), corrections due to the couplings with scalar field perturbations δφ I (right). Both corrections are of order κ.
• ∆ (1) ij,kl (k, k ) is the correction from the inhomogeneous background metrich ij = δ ij +X ij directly,
• ∆ (2) ij,kl (k, k ) is the correction from the couplings between the tensor perturbations γ ij and perturbations of the scalar fields δφ I , of which the existence is due to the background inhomogeneity.
Plugging the general form for the Hamiltonians (2.69) and (2.72) into (3.8) and (3.9), we find
where we define
In deriving the above, we used the assumption that all C's and D's factors defined in (2.69)-(2.72) are real, and used de Sitter approximation for the homogeneous metric in evaluating the time integrals. ∆
(1) ij,kl (k, k ) and ∆
ij,kl (k, k ) given in (3.10) and (3.11) are quite general and can be used for inhomogeneous inflation models other than the one discussed in this work. For later convenience, we also define the power spectra for the polarization modes,
Now we are ready to evaluate (3.10) and (3.11) by plugging the expressions for C's and D's in our model. In general, one has to solve the inhomogeneous background X ij (x) and φ I (x) from the background equations of motion discussed in Sec.2.1. In a general setting, these equations are generally highly nonlinear coupled partial differential equations, which are complicated to deal with. A complete treatment is thus out of the scope of this work. In this work, we will focus on these corrections under several special configurations of the background inhomogeneities.
Contributions from background inhomogeneities
Here we evaluate ∆ (1) ij,kl (k, k ) given in (3.10). Instead of making a general ansatz for the inhomogeneous configuration of X ij (x), we make an irreducible decomposition for X ij similar in (2.10), but in the homogeneous background,
with ∂ i ξ i = ∂ i η ij = η ii = 0. In the following, we evaluate the contributions to ∆
(1) ij,kl (k, k ) and ∆ (2) ij,kl (k, k ) from α, β, ξ i , η ij and δφ I seperately.
Contribution from α
In the simplest case, X ij ⊃ 2αδ ij , and the corresponding inhomogeneity in the background metrich ij is of scalar type. Since X ij (k) must satisfy (2.81) in order to ensure that all C's and D's factors (2.69)-(2.72) are real, in fourier space α(k) is also subject to the condition α * (k) = α (−k) = α (k). The contributions to C ij,kl and D ij,kl from X (α) ij ≡ 2αδ ij are given in (C.1) and (C.2), respectively. Plugging these results into (3.10), the leading order correction to the power spectra of circular polarization modes of the tensor perturbations from X (α) ij are given by:
The two different vectors k and k in three-dimensional space are coplanar. Without loss of generality we choose the Cartesian coordinates in the three-dimensional space such that the vectors k and k are in the x-z plane, In particular, we assumek = (0, 0, 1) and k = (sin θ, 0, cos θ) in Cartesian coordinates, with 0 < θ ≤ π. With the above convention, the polarization tensors can be evaluated explicitly, which yield
Using these results, the power spectra for the polarization modes (3.15) can be written as
where cos θ ≡k ·k and we defined
for short. We can draw several conclusions from (3.22) and (3.23).
• In our model both isometry and homogeneity are broken, and thus the power spectra do not take the standard form. In particular, there is no δ 3 (k + k ) factor in the above expressions.
• In the case of X ij ⊃ 2αδ ij , the two circular polarization modes acquire the same amount of powers as ∆
(1),α
• (3.23) implies that, since the spatial homogeneity is broken, there are correlations between different fourier modes, and thus there is non-vanishing correlation between the two circular polarizaiton modes as ∆
As a consistency check, let us consider the homogeneous limit when α(x) → α 0 , which is a small constant. In this limit,
which also implies k → −k and thus r → 1, θ → π. In this homogeneous limit,
which takes the standard form and corresponds to nothing but rescaling of the scale factor. which implies the two circular polarization modes are uncorrelated in the homogeneous limit, as expected.
Contribution from β
In this case, X (β)
and the calculation is parallel to the above. Note β(k) must satisfy the same condition as that of α(k), i.e., β * (k) = β (−k) = β (k) in order to ensure C's and D's are real. The factors in (2.75) and (2.76) become (C.3) and (C.4). The leading order corrections to the power spectra of tensor modes from X (β) ij are:
Using the representation of the polarization tensors (3.18)-(3.21), we get 
Again, the two circular polarization modes have the same power and non-vanishing crosscorrelations.
In the homogeneous limit with β(x) → β 0 = const (and thus r → 1, θ → π), we have 31) which are consistent with the fact in this limit the background metric becomes exactlyh ij → δ ij and there is no correction to the power spectra at all.
Contribution from ξ i
In this case, the inhomogeneity in the background metric takes the vector form. In fourier space X (ξ)
, where ξ i (k) must be purely imaginary and satisfies 32) in order to ensure that X (ξ) ij (k) is real. Plugging the expression for X (ξ) ij into (2.75) and (2.76), we get(C.5) and (C.6). The leading order correction to the power spectra of tensor modes from X (ξ) ij thus reads
In order to evaluate the power spectra (3.33) explicitly, we decompose ξ i into two polarization modes. For k along (θ, φ)-direction, the circular polarization vectors with λ = ±1 are given by e (λ) 34) which satisfy
Since ξ i itself is purely imaginary, it is convenient to write
i (k), (3.36) where the polarization modesξ (λ) (k) must satisfỹ
as a result of (3.32).
With our convention, k + k is given by 39) and
The circular polarization vectors are thus
Using these results, the corrections to the power spectra for the polarization modes of tensor perturbations are 44) and
(3.45) implies that the two circular polarization modes for tensor perturbations have different power, if the two circular polarization modes for the background vector ξ i (k) have different amplitudes, i.e.,ξ (+) =ξ (−) and thus x − = 0. We also have
(1),ξ −+ when x − = 0. As a consistency check, let us consider the above expressions in the homogeneous limit, which corresponds to ξ i (x) → ξ 0i with ξ 0i a constant (spatially homogeneous) vector field. In this limit, x ± are constant numbers, and thus x ± (k + k ) ∝ δ 3 (k + k ), which implies r → 0 and θ → π. As a result, ∆
and thus there is no correction to the power spectra, which is consistent with the fact that the background spatial metric becomes exactly δ ij in this limit.
Contribution from η ij
In this case, the inhomogeneity in the background metric takes the tensor form, which can be viewed as a classical gravitational waves background. In fourier space X (η) ij (k) = η ij (k), where η ij (k) must satisfy η * ij (k) = η ij (−k) = η ij (k). and we have (C.7) and (C.8). The leading order corrections to the power spectra of circular polarization modes of the tensor perturbations from X (η) ij are given by:
In order to evaluate (3.49) explicitly, we make the same decompostion for the background tensorial inhomogeneity η ij
ij (k), (3.50) to that of the tensor perturbations γ ij , where the polarization modes η (s) (k) satisfy η (s) * (k) = η (s) (−k) = η (−s) (k). With our convention, k + k is given in (3.38), and thus e (s)
takes the same form as (3.17) but with θ replaced by ρ. With these results, the corrections to the power spectra for the tensor polarization modes are
Generally, ∆
(1),η
++ and satisfy
with A − given in (3.54). Similar to the case of vector-form background inhomogeity ξ i , the two circular polarization modes of gravitational waves γ (±2) will acquire different power, if the two polarization modes of background tensorial inhomogeneity have different amplitudes, i.e., η (+2) = η (−2) and thus y − = 0. The cross-correlation between the two circular polarization modes are not vanishing generally, which is given by ) and
We also have
which is nonvanishing when η (+2) = η (−2) .
As a consistency check, let us consider the above expressions in the homogeneous limit, which corresponds to η ij (x) → η 0ij with η 0ij a constant (spatially homogeneous) transversetraceless field. In this limit, y ± are constant numbers, and thus y ± (k + k ) ∝ δ 3 (k + k ), which implies r → 0 and θ → π. As a result,
and thus there is no correction to the power spectra, which is consistent with the fact that the background spatial metric becomesh ij ⊃ δ ij + η 0ij in this limit, which is equivalent to a homogeneous and isotropic one by a global coordinate transformation.
Contributions from interactions with δφ I
Now let us consider the corrections to the power spectra of the gravitational waves from interactions between tensor perturbations γ ij and scalar field perturbations δφ I . The general form is given in (3.11) , from which the corrections to the power spectra for the circular polarization modes are
where F is defined in (3.12). In our case, D I ij is given in (2.80), which implies
and thus
We stress that in fourier space φ I (k) must satisfy φ * (k) = φ I (−k) = φ I (k) in order ensure the factor D I ij to be real. Generally, since the background values of the scalar fields φ I are not homogeneous,φ I (k) is not proportional to δ 3 (k), the integral in (3.63) will not contribute δ 3 (k + k ) any more.
In order to get a glimpse of the effects ofφ I , we make an ansatz forφ I (k) such that
with constant φ I * and k * , which corresponds to the configurationφ I (x) = φ I * cos (k * · x). In this case, the integral in (3.63) can be easily evaluated. After some manipulations, we find
which are functions of k and k * . With this simple configuration, power spectra for the gravitational waves receive corrections when k + k = 0, ±2k * . It is interesting to note among the three contributions in (3.65), there is one proportional to δ 3 (k + k ), which takes the same form of spectrum in anisotropic inflation in which the spatial isotropy is lost while the homogeneity is preserved.
Without loss of generality, we assume k = k (0, 0, 1) and k * = k * (sin ϕ, 0, cos ϕ). With this convention, the circular polarization tensors in (3.66)-(3.68) can be evaluated explicitly. In particular,F 0,±2 are functions of the angle ϕ between k and k * as well as the ratio
only, which are given bỹ
where F is defined in (3.12). NoteF 0,±2 do not depend on the helicity s any more, that is ∆
−+ , which implies that the spectra of the two circular polarization modes as well as their cross-spectra have the same amplitude. The dependence ofF 0,±2 with respect to λ and ϕ are illustrated in Fig.2, Fig.3 and Fig.4 , respectively. One may check that
These apparent divergences, however, are somewhat marginal. For example, for contribution proportional toF 2 , due to the presence of δ 3 (k + k + 2k * ) in (3.65), the limit λ → 2, ϕ → π implies k + 2k * = 0, and thus this divergence is relevant only when k → 0. Same analysis will show that the apparent divergence inF 0 is relevant only when both k → 0, k → 0, and inF −2 is relevant only when k → 0.
Scalar perturbation
The analysis for the scalar perturbation ζ is completely parallel to that of the tensor perturbations. Using (2.65), the "free" two-point function for ζ is where the mode function v(τ, k) is given in (2.68). The standard isotropic and homogeneous power spectrum for ζ is
with
.
(4.3)
According to the in-in formalism, up to the linear order in κ, the power spectrum of ζ is given by
where ∆
ζ (k, k ) is the isotropic and homogeneous power spectrum given in (4.2), ∆
ζ (k, k ) and ∆ (2) ζ (k, k ) are corrections due to the background inhomogeneities, which are given by
where H Figure 5 . Illustration of contributions to the power spectra of the scalar perturbation ζ up to the linear order in κ. The total power spectra consist of three contributions: the standard isotropic and homogeneous spectra (left), corrections due to the inhomogeneous background metrich ij (middle), corrections due to the couplings with scalar field perturbations δφ I (right). Both corrections are of order κ.
correction from the inhomogeneous background metrich ij = δ ij + X ij directly, ∆ (2) ζ (k, k ) is the correction from the couplings between ζ and perturbations of the scalar fields δφ I , of which the existence is due to the background inhomogeneity.
After some manipulations, we find
where F is defined by (3.12) . At this point, since we assume 9) which implies the corrections to the power spectrum of ζ are dominated by ∆
ζ , i.e., the contribution from the self-coupling of ζ due to the background inhomogeneities.
Contributions from background inhomogeneities
In the following, we evaluate the contributions to ∆ (1) ζ (k, k ) from α, β, ξ i and η ij defined in (3.14) seperately, which are parallel to those performed in Sec.3.1.
Contribution from α
Plugging the expressions for C and D (2.77)-(2.78) into (4.7) and using X (α) ij = 2αδ ij , we get the contribution to ∆
where r = k /k and cos θ =k ·k .
Contribution from β
The contribution to ∆
(1)
Contribution from ξ i
Under the same decomposition for ξ i as in (3.36) , the contribution to ∆ 12) where x + is defined in (3.44).
Contribution from η ij
Under the same decomposition for η ij as in (3.50), the contribution to ∆
1 + r 2 + r r 2 (1 + r) (1 + 2r cos θ + r 2 ) × r + 2 + r 2 cos θ + 3r cos(2θ) + r 2 cos(3θ) y + k + k , (4.13)
where y + is defined in (3.52).
As a consistency check, all the above contributions are vanishing in the homogeneous limit, α, β, x + , y + → δ 3 (k + k ), (4.14)
which corresponds to r → 1 and θ → π.
Contributions from interactions with δφ I
Finally we evaluate ∆
ζ for completeness. Plugging the expressions for C I I and D I in (2.79) into (4.8), we get
Giving the configuration for the background values ofφ I (such as the ansatz in (3.64)), one is able to evaluate the integral (4.15) explicitly. As we have discussed below (4.8), however, the dominant correction to the power spectrum of ζ is ∆
ζ and thus we do not evaluate ∆ (2) ζ explicitly.
Conclusion
In this work we have studied inhomogeneous inflation scenario, i.e., exponential expansion of the space with inhomogeneities, and its cosmological perturbations. Such an inhomogeneous inflation can be realized in a simple model of multiple scalar fields minimally coupled to gravity. One of these scalar fields is the usual inflaton field Φ, which is timelike and can be chosen to be spatially homogeneous. Other scalar fields φ I have spacelike gradients and thus are always spatially inhomogeneous. In particular, at the background level we show that our model possesses a solution in which the background values of φ I is time-independent φ I =φ I ( x), and the space uniformly expand in different directions with the same ratē g ij (τ, x) = a 2 (τ )h ij ( x).
We have also investigated cosmological perturbations around such an inhomogeneous inflation background. We assume the level of inhomogeneities of the background is small, which is of order κ. By using the perturbative approach, we calculated the corrections to the power spectra of gravitational waves and curvature perturbation up to the linear order in κ. Since both homogeneity and isotropy get lost with our background, perturbation modes with different wave numbers k and k are correlated, and the correlations depend on both the ratio r = k /k and the angle cos θ =k ·k . In particular, we find the two circular polarization modes of gravitational waves are correlated generally, and will have the same power when the background inhomogeneities are of "scalar-type", i.e. X ij ⊃ 2αδ ij or X ij ⊃ ∂ i ∂ j − 1 3 δ ij ∂ 2 β, and will have different powers if the background inhomogeneities are of "vector-type" X ij ⊃ ∂ i ξ j + ∂ j ξ i or "tensor-type" X ij ⊃ η ij .
As a final remark, note linear perturbations on an inhomogeneous background are tightly related to nonlinear perturbations on a homogeneous background. Thus it will be useful to put contraints on the deviation of homogeneity by using the current observation of primordial non-Gaussianities.
Under infinitesimal coordinate transformation x µ → x µ + ξ µ , the linear gauge transformation of the perturbation of a spacetime tensor field Q around some background valueQ is given by ∆ ξ (δQ) = −£ ξQ . In our case, sinceΦ =Φ(τ ) andφ I =φ I ( x),
We may write ξ i ≡h ij ∂ j ξ L +ξ j with∇ iξ i = 0. For the metric perturbations, straightforward algebra shows
Thus we may completely fix the gauge freedom by setting δΦ = E = F i = 0 or ζ = E = F i = 0. Note in the case of "solid inflation" with I = 1, 2, 3, one may also choose the so-called "unitary gauge" by setting δΦ = δφ I = 0.
C C's and D's factors
Here we collect the expressions for C's and D's factors from various contributions.
C (α)
ij,kl (k 1 , k 2 , k 3 ) = (δ ik δ jl + δ jk δ il ) α (k 3 ) , (C.1)
ij,kl (k 1 , k 2 , k 3 ) = i k 3l (δ jk ξ i (k 3 ) + δ ik ξ j (k 3 )) + k 3k (δ jl ξ i (k 3 ) + δ il ξ j (k 3 )) +k 3j (δ il ξ k (k 3 ) + δ ik ξ l (k 3 )) + k 3i (δ jl ξ k (k 3 ) + δ jk ξ l (k 3 )) , (C.5)
